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CONFORMAL VECTOR FIELDS ON LIE GROUPS
ADRIANA ARAUJO CINTRA, ZHIQI CHEN AND BENEDITO LEANDRO NETO
Abstract. In this paper, we investigated the behavior of left-invariant conformal vector
fields on Lie groups with left-invariant pseudo-Riemannian metrics. First of all, we prove
that conformal vector fields on pseudo-Riemannian unimodular Lie groups are Killing.
Then we obtain a necessary condition for a pseudo-Rimennian non-unimodular Lie group
admitting a non-Killing conformal vector field. Finally, we give examples of non-Killing
conformal vector fields and Yamabe solitons on non-unimodular Lorentzian Lie groups
based on the above study.
1. Introduction
A transformation of a Riemannian manifold is say to be conformal if it preserves the
angle defined by the Riemannian metric. Furthermore, we said that a Riemannian manifold
admits a conformal vector field X if
LXg = 2ρg,
where g is the Riemannian metric, LXg is the Lie derivative and ρ is a smooth function. The
existence of such a function might give some information about the topological structure of
the Riemannian manifold [3, 15]. An important class of conformal vector fields are Killing
vector fields, i.e., vector fields such that LXg = 0. Killing vector fields are generators of
isometries, which provides a close link between the geometry of a manifold M and the
algebra of I(M), the set of all isometries in M (see [16]). Yamabe soliton vector fields are
another important class of conformal vector fields.
A Yamabe soliton is a complete manifold Mn with a metric 〈·, ·〉, a vector field X ∈ X(M)
and a constant λ that satisfies the equation:
(R − λ)〈·, ·〉 =
1
2
LX〈·, ·〉,(1.1)
where
(LXg)(Y, Z) = X〈Y, Z〉 − 〈[X,Y ], Z〉 − 〈Y, [X,Z]〉,(1.2)
for any X,Y, Z ∈ X(M) and R is the scalar curvature of the metric 〈·, ·〉. If λ > 0, λ = 0
or λ < 0, then we have, respectively, a Yamabe soliton shrinking, steady and expanding. A
Yamabe soliton is called non-trivial if it admits a soliton vector field which is not Killing.
In particular, the scalar curvature is constant if the Yamabe soliton is trivial. If X = ∇f
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for some smooth potential function f on M , we call it a gradient Yamabe soliton (see [13]
for instance).
The Yamabe solitons are a special type of solution for the Yamabe flow
∂
∂t
g(t) = −Rg(t).
The Yamabe flow is introduced as an attempt to solve the Yamabe problem [11]. The
solitons have become an important tool to explore the geometric flows. For these reasons,
Ricci solitons and Yamabe solitons have been extensively explored in the past years [1, 2,
4, 5, 8, 9, 12, 17]. It is worth to point out that 2-dimensional Yamabe soliton and Ricci
soliton are the same. The soliton solutions do not necessarily exist in the Lorentzian case
(see [2]). In addition, generalizations of solitons were considered and investigated [7, 13].
Chen, Liang and Yi [7] considered a generalization of Ricci solitons on Lie groups. In fact,
they proved that exist many non-trivial m-quasi Einstein metrics in a solvable quadratic Lie
group. In [13], Leandro Neto and Pina de Oliveira considered a generalization of gradient
Yamabe solitons. They proved that connected generalized quasi Yamabe gradient solitons
are, in fact, m-quasi Yamabe gradient solitons.
A Lie group is a set which has a structure of manifold and group at the same time,
where the group operations are smooth. Of central importance is the relationship between
the Lie group and its Lie algebra (see [10, 14, 16, 18]). Lie groups are very useful to
give examples. As Milnor [14] said, “when studying relationships between curvature of a
complete Riemannian manifold and other topological or geometric properties, it is useful to
have many examples”. On the other hand, any left-invariant conformal vector field on a Lie
group with a left-invariant Riemannian metric is Killing.
This paper is to study left-invariant non-Killing conformal vector fields on Lie groups with
left-invariant pseudo-Riemannian metrics. It is point out in [2] that there are 3-dimensional
Lie groups with left-invariant Lorentzian metrics admitting conformal vector fields which are
not left-invariant. Without special notes, a vector field in this paper means a left-invariant
vector field. Firstly, we have the following theorem.
Theorem 1.1. Let G be an n-dimensional unimodular Lie group with a left-invariant
pseudo-Riemannian metric 〈·, ·〉 and let g be the unimodular Lie algebra of left-invariant
vector fields. If X ∈ g is a conformal vector field, then X is a Killing vector field.
Since every nilpotent and compact groups are unimodular, by Theorem 1.1, every left-
invariant conformal vector field on such Lie groups is Killing. Moreover, by Theorem 1.1,
Corollary 1. Let G be a unimodular Lie group with a left-invariant pseudo-Riemannian
metric 〈·, ·〉 and let g be the unimodular Lie algebra of left-invariant vector fields. If X ∈ g
is a vector field satisfying (1.1), then X is a Killing vector field. That is, left-invariant
Yamabe solitons on unimodular Lie groups are trivial.
From [2], we know that there are non-Killing conformal vector fields on 3-dimensional
non-unimodular Lie groups with lorentzian metrics. Here we have the following theorem.
Theorem 1.2. Let G be an n-dimensional non-unimodular Lie group with a left-invariant
pseudo-Riemannian metric 〈·, ·〉 of signature (p, q) and let g be the non-unimodular Lie
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algebra of left-invariant vector fields. If x ∈ g is a non-Killing conformal vector field, then
dimC(g) ≤ min(p, q) and dim[g, g] ≥ dim g−min(p, q).
Finally, we classify non-unimodular Lie groups with Lorentzian metrics admitting non-
Killing conformal vector fields in dimensions 2 and 3, and then give examples in higher
dimensions.
2. Preliminaries
Definition 1. A Lie group G is a differentiable manifold which is also endowed with a group
structure such that the map G×G→ G defined by (σ, τ) 7→ στ−1 is smooth.
Definition 2. A Lie algebra g is a vector space L together with a bilinear operator [·, ·] :
g× g → g (called the bracket) such that for all X,Y, Z ∈ g,
(1) [X,Y]=-[Y,X] (skew-symmetric),
(2) [[X,Y],Z]+[[Y,Z],X]+[[Z,X],Y]=0 (Jacobi identity).
Definition 3. For any σ ∈ G, the left translation lσ is the diffeomorphism of G defined by
lσ(τ) = στ,
for any τ ∈ G. A vector field X on G is called left-invariant if X is lσ-related to itself for
each σ ∈ G; that is,
dlσ ◦X = X ◦ lσ.
Definition 4. A metric 〈·, ·〉 on a Lie group G is called left-invariant if
〈X,Y 〉τ = 〈(dlσ)τ (X), (dlσ)τ (Y )〉στ ,
for all σ, τ ∈ G and X,Y ∈ g.
Let G be a Lie group with the Lie algebra g of left-invariant vectors fields on G. For any
X ∈ g, the adjoint map adX : g → g sends Y 7−→ [X,Y ], i.e., adX{Y } = [X,Y ].
Definition 5. The center C(g) of a Lie algebra g is the set of all X ∈ g such that adX = 0.
Definition 6. A Lie group G is unimodular if tr{adX} = 0 for any X ∈ g.
Definition 7. If g is a Lie algebra, a subalgebra h of g is a (linear) subspace of g such that
[u, v] ∈ h, for all u, v ∈ h. If h is a (linear) subspace of g such that [u, v] ∈ h for all u ∈ h
and all v ∈ g, we say that h is an ideal in g.
Definition 8. Given two subsets a and b of a Lie algebra g, denote by [a, b] the subspace
of g consisting of all linear combinations [a, b] for any a ∈ a and b ∈ b. In particular, [g, g]
is an ideal in g called the commutator ideal of g.
Let G be a Lie group with the Lie algebra g and let 〈·, ·〉 be a pseudo-Riemannian metric
on G. Assume that ∇ is the Levi-Civita connection associated with 〈·, ·〉. Then,
[X,Y ] = ∇XY −∇YX.(2.1)
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Moreover if 〈·, ·〉 is left-invariant on G (see [10, 16]), then for left-invariant vector fields X,Y ,
we have
〈X,Y 〉σ = 〈X(σ), Y (σ)〉σ = 〈(dlσ)eX(e), (dlσ)eY (e)〉σ = 〈X(e), Y (e)〉e = 〈X,Y 〉e,
where e is the identity element of G. It shows that the map σ 7→ 〈X,Y 〉σ is constant. Thus,
for any vector field Z on g,
Z〈X,Y 〉 = 0.
This means that, for a left-invariant metric 〈·, ·〉 on G, we have
〈∇ZX,Y 〉+ 〈X,∇ZY 〉 = 0,(2.2)
for any X,Y, Z ∈ g. By (2.1) and (2.2),
〈∇XY, Z〉 =
1
2
(〈[X,Y ], Z〉 − 〈[Y, Z], X〉+ 〈[Z,X ], Y 〉),
where X,Y, Z are all left-invariant vector fields. Assume that X ∈ g is a conformal vector
field, i.e.
LX〈·, ·〉 = 2ρ〈·, ·〉.(2.3)
It follows that,
0 = LX〈X,X〉 = 2ρ|X |
2.
If 〈·, ·〉 is a left-invariant Riemannian metric, then ρ = 0 or X ≡ 0. That is, X is Killing or
X is trivial. For this reason, we focus on a left-invariant pseudo-Riemannian metric 〈·, ·〉.
Lemma 1. Let notations be as above. If X is a non-Killing conformal vector field, then X
is a lightlike vector field, i.e., 〈X,X〉 = 0.
Proof. Otherwise, assume that X is spacelike 〈X,X〉 > 0 or timelike 〈X,X〉 < 0. By (2.3)
0 = LX〈X,X〉 = 2ρ〈X,X〉,
which implies that ρ = 0. That is, X is trivial, i.e., a Killing vector field. Hence, we have
that X is a lightlike vector field. 
3. Proof of Theorems 1.1 and 1.2
Let G be a Lie group with the Lie algebra g and let 〈·, ·〉 be a left-invariant pseudo-
Riemannian metric of signature (p, q) on G. First of all, we have
〈{adX + ad
∗
X}{Y }, Z〉
= 〈adX{Y }, Z〉+ 〈ad
∗
X{Y }, Z〉 = 〈adX{Y }, Z〉+ 〈Y, adX{Z}〉
= 〈[X,Y ], Z〉+ 〈Y, [X,Z]〉,(3.1)
where 〈adX{Y }, Z〉 = 〈Y, ad
∗
X{Z}〉 for all X,Y, Z ∈ g. Hence, from (1.2) and (3.1) we have
adX + ad
∗
X = −LX〈·, ·〉.
If X ∈ g is a conformal vector field, by (2.3), then
adX + ad
∗
X = −2ρ〈·, ·〉.(3.2)
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Proof of Theorem 1.1. Let {e1, · · · , es, es+1, · · · , en} be an orthogonal basis of g corre-
sponding to the pseudo-Riemannian metric 〈·, ·〉 of signature (p, q). That is,
〈ei, ej〉 =


0, if i 6= j,
1, if 1 ≤ i, j ≤ p,
−1, if p+ 1 ≤ i, j ≤ n = p+ q.
From (3.2) we have that
−2ρ〈ei, ei〉 = 〈{adX + ad
∗
X}{ei}, ei〉 = 2〈adX{ei}, ei〉
and
−2ρ〈ei,−ei〉 = 〈{adX + ad
∗
X}{ei},−ei〉 = 2〈adX{ei},−ei〉.
Therefore,
−nρ = −ρ

 p∑
i=1
〈ei, ei〉+
n∑
i=p+1
〈ei,−ei〉


=
p∑
i=1
〈adX{ei}, ei〉+
n∑
i=p+1
〈adX{ei},−ei〉
= tr{adX} = 0.
Then ρ = 0. That is, X is a Killing vector field. ✷
Proof of Theorem 1.2. For the first part, assume that dimC(g) = s > min(p, q), and
assume that {e1, · · · , es} is a basis of C(g). For any 1 ≤ i, j ≤ min(p, q),
LX〈ei, ej〉 = −〈[X, ei], ej〉 − 〈ei, [X, ej]〉 = 0 = 2ρ〈ei, ej〉.
Since ρ 6= 0, we have
〈ei, ej〉 = 0, ∀1 ≤ i, j ≤ s.
That is, we have an s-dimensional isotropy subspace of 〈·, ·〉. But for a pseudo-Riemannian
metric of signature (p, q), we only can have a min(p, q)-dimensional isotropy subspace. So
we must have dimC(g) ≤ min(p, q).
For the second part, assume that dim[g, g] < dim g−min(p, q). It follows that dim[g, g]⊥ =
t > min(p, q), where [g, g]⊥ is the orthogonal complement of [g, g] corresponding to 〈·, ·〉.
Assume that {e1, · · · , et} is a basis of [g, g]
⊥. For any 1 ≤ i, j ≤ t,
LX〈ei, ej〉 = −〈[X, ei], ej〉 − 〈ei, [X, ej]〉 = 0 = 2ρ〈ei, ej〉.
Since ρ 6= 0, we have
〈ei, ej〉 = 0, ∀1 ≤ i, j ≤ t.
That is, we have a t-dimensional isotropy subspace of 〈·, ·〉. Similar to the first part, we
have dim[g, g] ≥ dim g−min(p, q). ✷
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4. Non-Killing conformal vector fields on non-unimodular Lie groups with
left-invariant Lorentzian metrics
Let G be a non-unimodular Lie group with the Lie algebra g and let 〈·, ·〉 be a Lorentzian
metric on G. Assume that g admits a non-Killing conformal vector field X . By Theorem 1.2,
dim[g, g] ≥ dim g− 1.
Furthermore, if g is solvable, we know that dim[g, g] < dim g. It follows that
dim[g, g] = dim g− 1.
Lemma 2. Let notations be as above. Then the restriction of 〈·, ·〉 on [g, g] is degenerate.
Proof. Assume that the restriction of 〈·, ·〉 on [g, g] is non-degenerate. Then dim[g, g]⊥ = 1
and the restriction of 〈·, ·〉 on [g, g]⊥ is non-degenerate. Let {e} be a basis of [g, g]⊥. Thus
〈e, e〉 6= 0. By
LX〈e, e〉 = −〈[X, e], e〉 − 〈e, [X, e]〉 = 0 = 2ρ〈e, e〉
and ρ 6= 0, we have 〈e, e〉 = 0. It is a contradiction. Thus the restriction of 〈·, ·〉 on [g, g] is
degenerate. 
By Lemma 2, we will classify solvable Lie groups with Lorentzian metrics admitting
non-Killing conformal vector fields in dimensions 2 and 3.
Theorem 4.1. Let G be a 2-dimensional Lie group with the Lie algebra g and let 〈·, ·〉 be
a Lorentzian metric on G. Assume that g admits a non-Killing conformal vector field X.
Then there is a basis {e1, e2} of g such that the non-zero bracket is given by
[e1, e2] = e2
and the Lorentzian metric associated with the basis is defined by
〈·, ·〉 =
(
0 1
1 0
)
.
In particular, X = x1e1.
Proof. First of all, g is solvable if dim g = 2. Since g admits a non-Killing conformal vector
field X , we have dim[g, g] = 1. Thus there is a basis {e1, e2} of g such that
[e1, e2] = e2,
where {e2} is a basis of [g, g]. By Lemma 2, we can assume that the Lorentzian metric 〈·, ·〉
on g associated with the basis is defined by
〈·, ·〉 =
(
a 1
1 0
)
.
Replacing e1 by e1 −
a
2 e2 if necessary, we can assume that a = 0. Assume that X =
x1e1 + x2e2 is a left-invariant conformal vector field on g. By
0 = LX〈·, ·〉 − 2ρ〈·, ·〉 =
(
2x2 −x1 − 2ρ
−x1 − 2ρ 0
)
,(4.1)
CONFORMAL VECTOR FIELDS ON LIE GROUPS 7
we have x2 = 0. Therefore, X = x1e1 is a non-Killing left-invariant lightlike conformal
vector field with the conformal function given by ρ = −x12 . 
Remark 1. We know that 2-dimensional Yamabe solitons and Ricci solitons are the same.
A straightforward computation shows that the curvature R = 0. Then, from (1.1) the soliton
will be non-trivial if and only if it is a shrinking or expanding soliton.
Theorem 4.2. Let G be a 3-dimensional Lie group with the Lie algebra g and let 〈·, ·〉 be
a Lorentzian metric on G. Assume that g admits a non-Killing conformal vector field X.
Then there is a basis {e1, e2, e3} of g such that the non-zero brackets are given by
[e1, e3] = αe1 + βe2; [e2, e3] = 2αe2 and [e1, e2] = 0,(4.2)
where α 6= 0, and the Lorentzian metric associated with the basis is defined by
〈·, ·〉 =

 1 0 00 0 −1
0 −1 0

 .
In particular,
X =
{
x3e3 (with ρ = x3α), for β = 0;
x1(e1 −
β
δ
e2 −
δ
2β e3) (with ρ = −x1
δ2
2β ), for β 6= 0.
(4.3)
Proof. First we know that g is non-unimodular since g admits a non-Killing conformal vector
field X . Then g is solvable by dim g = 3. Thus we know dim[g, g] = 2. Since g is solvable,
we know [g, g] is nilpotent. Thus [g, g] is abelian. By Lemma 2, we know that there exist a
basis {e1, e2, e3} such that the Lorentzian metric associated with the basis is given by
〈·, ·〉 =

 1 0 00 0 −1
0 −1 0

 .
Here the non-zero brackets must be
[e1, e3] = αe1 + βe2, [e2, e3] = γe1 + δe2, [e1, e2] = 0.
Since g is non-unimodular, we have α+ δ 6= 0 (see [2, 6, 14]). Assume that X =
3∑
i=1
xiei is
a left-invariant conformal vector field. Therefore,
0 = LX〈·, ·〉 − 2ρ〈·, ·〉 =

 2(x3α− ρ) x3γ −x1α− x3βx3γ 0 −x3δ + 2ρ
−x1α− x3β −x3δ + 2ρ 2(x1β + x2δ)

 .
If x3 = 0 or δ = 0, then ρ = 0, i.e., X is Killing. Since X is non-Killing, we have x3δ 6= 0.
It implies that γ = 0 and α = δ2 6= 0. Furthermore,
X =
{
x3e3 (with ρ = x3α), for β = 0;
x1(e1 −
β
δ
e2 −
δ
2β e3) (with ρ = −x1
δ2
2β ), for β 6= 0.
It ends the theorem. 
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Remark 2. Clearly X defined by (4.3) is lightlike. By a straightforward computation we
have that the scalar curvature R = 0. This implies that the left-invariant Lorentzian Yamabe
soliton with X given by (4.3) is non-trivial if and only if it is shrinking or expanding. In fact,
the classification of 3-dimensional Lorentzian Lie groups admitting non-Killing conformal
vector fields is given in Theorem 7 of [2]. Here we give a simpler proof by our method.
The following is to give some examples of non-Killing conformal vector fields and Yamabe
solitons on G of higher dimensions.
Example 1. Let G be a connected 4-dimensional non-unimodular with the Lie algebra g.
Let {e1, e2, e3, e4} be a basis of g such that the brackets are defined by
[e1, e2] = αe3; [e1, e3] = [e2, e3] = 0; [e1, e4] = −
1
2
e1;
[e2, e4] = −
1
2
e2 and [e3, e4] = −e3,
where α ∈ R. Consider the Lorentzian metric on g associated with the basis given by
〈·, ·〉 =


1 0 0 0
0 1 0 0
0 0 0 −1
0 0 −1 0

 .
Assume that X =
4∑
i=1
xiei is a left-invariant conformal vector field. Then,
0 = LX〈·, ·〉 − 2ρ〈·, ·〉 =


−x4 − 2ρ 0 −2x3 −αx2 +
x1
2
0 −x4 − 2ρ 0 αx1 +
x2
2
−2x3 0 0 x4 + 2ρ
−αx2 +
x1
2 αx1 +
x2
2 x4 + 2ρ −2x3

 .
Clearly, x4 = 0 if, and only if, ρ = 0, i.e., X is a Killing vector field. In the following,
assume that x4 6= 0. By −αx2 +
x1
2 = 0 and αx1 +
x2
2 = 0, we have x1 = x2 = 0. Then,
X = x4e4, with ρ =
−x4
2
.
Clearly, the scalar curvature is given by
R =
α(1 − α)
2
.
Then the Damek-Ricci Lorentzian Yamabe soliton is trivial if, and only if, λ = R = α(1−α)2 .
For this case, if α 6= 0 and α 6= 1, the Damek-Ricci Lorentzian Yamabe soliton can be
shrinking, steady or expanding.
Example 2. Let g be a solvable Lie algebra of dimension n such that dim[g, g] = n− 1 and
[g, g] is abelian. Assume that {e1, · · · , en} is a basis of [g, g], where {e1, · · · , en−1} is a basis
of [g, g]. The non-zero brackets are defined by
[en, ei] = λiei, for any 1 ≤ i ≤ n− 1,
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where λi 6= 0 for any 1 ≤ i ≤ n− 1. Then g is non-unimodular if and only if
∑n−1
i=1 λi 6= 0.
Consider the following Lorentzian metric on g associated with the basis given by
〈·, ·〉 =


1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 0 1
0 0 · · · 1 0


.
Assume that X =
n∑
i=1
xiei is a left-invariant conformal vector field. For any 1 ≤ i ≤ n− 2,
0 = LX〈ei, en〉 − 2ρ〈ei, en〉 = λixi.
That is, xi = 0 for any 1 ≤ i ≤ n− 2. By
0 = LX〈en, en〉 − 2ρ〈en, en〉 = λn−1xn−1,
we have xn−1 = 0. Thus X = xnen. By
0 = LX〈en−1, en〉 − 2ρ〈en−1, en〉 = −λn−1xn − 2ρ,
we have ρ = −λn−1xn2 . For any 1 ≤ i ≤ n− 2, by
0 = LX〈ei, ei〉 − 2ρ〈ei, ei〉,
we know λi =
1
2λn−1 if xn 6= 0. Moreover, it is easy to check X = xnen is a non-Killing
conformal vector field if λi =
1
2λn−1 for any 1 ≤ i ≤ n− 2.
Example 3. In fact, in Example 2, we can delete that [g, g] is abelian. That is,
(1) g is a solvable Lie algebra of dimension n.
(2) dim[g, g] = n− 1.
(3) Let {e1, · · · , en} be a basis of [g, g], where {e1, · · · , en−1} is a basis of [g, g]. The
non-zero brackets are defined by [en, ei] = λiei where λi 6= 0 for any 1 ≤ i ≤ n− 1
and
∑n−1
i=1 λi 6= 0.
Consider the following Lorentzian metric on g associated with the basis given by
〈·, ·〉 =


1 0 · · · 0 0
0 1 · · · 0 0
...
...
. . .
...
...
0 0 · · · 0 1
0 0 · · · 1 0


.
Similar to the discussion in Example 2, if X is a left-invariant non-Killing conformal vector
field, then X = aen for some a 6= 0. Moreover, λi =
1
2λn−1 for any 1 ≤ i ≤ n − 2. It is
easy to check that X = aen is a non-Killing conformal vector field if λi =
1
2λn−1 for any
1 ≤ i ≤ n− 2. For this case, we have
[en, [ei, ej]] = [[en, ei], ej ] + [ei, [en, ej ]] = λi[ei, ej ] + λj [ei, ej ] = (λi + λj)[ei, ej ]
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for any 1 ≤ i, j ≤ n− 1. That is,
[ei, ej ] = βijen−1, if 1 ≤ i 6= j ≤ n− 2; [ei, en−1] = 0, if 1 ≤ i ≤ n− 2.
This example can be considered as the higher dimensional case of the example 1.
Acknowledgement. The third author is grateful to Jose´ Nazareno Gomes for bringing
several references to his attention.
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